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Abstract
This paper is devoted to the study of the class of continuous and bounded functions f : [0,∞) → X for which exists ω > 0 such
that limt→∞(f (t +ω)− f (t)) = 0 (in the sequel called S-asymptotically ω-periodic functions). We discuss qualitative properties
and establish some relationships between this type of functions and the class of asymptotically ω-periodic functions. We also study
the existence of S-asymptotically ω-periodic mild solutions of the first-order abstract Cauchy problem in Banach spaces.
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1. Introduction
This paper is devoted to the study of the class of continuous functions f : [0,∞) → X for which exists ω > 0 such
that limt→∞(f (t + ω) − f (t)) = 0. These functions will be called S-asymptotically ω-periodic.
The literature concerning S-asymptotically ω-periodic functions is very restricted and limited essentially to the
study of the existence of S-asymptotically ω-periodic solutions of ordinary differential equations described on finite
dimensional spaces. We refer to [2,4,6,15,16]. In this paper, we make an initial contribution in order to develop
a theory of S-asymptotically ω-periodic functions with values in Banach spaces. We have particular interest in the
relationship between this type of functions with the classes of asymptotically periodic functions and asymptotically
almost periodic functions, as well as to establish existence of S-asymptotically ω-periodic mild solutions of first-order
abstract differential equations.
This work has four sections. In the next section, we introduce some basic concepts, definitions and notations
needed in the sequel. In Section 3, we study some qualitative properties of S-asymptotically ω-periodic functions. In
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functions. Finally, in Section 4, we study the existence of S-asymptotically ω-periodic mild solutions for a class of
first-order abstract Cauchy problem. This section is completed with an application to partial differential equations.
2. Preliminaries
In this paper (X,‖ · ‖) denotes a real or complex Banach space and Cb([0,∞),X) is the space consisting of the
continuous and bounded functions from [0,∞) into X, endowed with the norm of the uniform convergence which is
denoted by ‖ · ‖∞. Additionally, C0([0,∞),X) and Cω([0,∞),X), for ω > 0, are the subspaces of Cb([0,∞),X)
defined by
C0
([0,∞),X)= {x ∈ Cb([0,∞),X): lim
t→∞
∥∥x(t)∥∥= 0},
Cω
([0,∞),X)= {x ∈ Cb([0,∞),X): x is ω-periodic}.
We abbreviate by K the real or complex numbers. Moreover, we denote by B(X) the Banach algebra of bounded
linear operators from X into X. We next recall some concepts concerning almost periodic functions.
Definition 2.1. A function f ∈ Cb(R,X) is called almost periodic if for every ε > 0 there exists a relatively dense
subset of R, denoted by H(ε, f ), such that ‖f (t + ξ) − f (t)‖ < ε, for every t ∈ R and all ξ ∈H(ε, f ).
Definition 2.2. A function f ∈ Cb([0,∞),X) is called asymptotically almost periodic if there exists an almost pe-
riodic function g and ϕ ∈ C0([0,∞),X) such that f = g + ϕ. If g is periodic (respectively ω-periodic) f is said
asymptotically periodic (respectively asymptotically ω-periodic).
For additional details on almost periodic, asymptotically almost periodic and weakly asymptotically almost peri-
odic functions, we refer the reader to [3,11,17] and references therein.
3. On S-asymptotically periodic functions
In this section, we study qualitative properties of S-asymptotically ω-periodic functions. We begin by establishing
the terminology.
Definition 3.1. A function f ∈ Cb([0,∞),X) is called S-asymptotically periodic if there exists ω > 0 such that
limt→∞(f (t +ω)−f (t)) = 0. In this case, we say that ω is an asymptotic period of f and that f is S-asymptotically
ω-periodic.
In this work the notation SAPω(X) stands for the subspace of Cb([0,∞),X) consisting of the S-asymptotically
ω-periodic functions.
To abbreviate our developments, in the rest of this paper, for a fixed positive number ω and for every t  0,
we consider the decomposition t = ξ(t) + τ(t)ω where ξ(t) ∈ [0,ω) and τ(t) ∈ N ∪ 0. Additionally, for h  0 and
f ∈ Cb([0,∞),X), we denote by fh the function fh : [0,∞) → X defined by fh(t) = f (t + h).
Definition 3.2. A function f ∈ Cb([0,∞),X) is said ω-normal on compact sets if for every sequence of natural
numbers (mn)n∈N with mn → ∞ as n → ∞, there exists a subsequence (kn)n∈N and F ∈ Cb([0,∞),X) such that
fknω → F as n → ∞ uniformly on compact subsets of [0,∞).
Remark 3.1. We note that if f ∈ Cb([0,∞),X) is a uniformly continuous with relatively compact range function,
then f is ω-normal on compact sets.
The next result is an immediate consequence of the previous definitions.
Lemma 3.1. Let f : [0,∞) → X be an S-asymptotically ω-periodic function, let (tn)n∈N be a sequence with tn → ∞
as n → ∞ and, assume that ftn → F uniformly on compact subsets of [0,∞). Then F ∈ Cω([0,∞),X).
H.R. Henríquez et al. / J. Math. Anal. Appl. 343 (2008) 1119–1130 1121Proof. It is clear that F is continuous. For t  0 and ε > 0 given, we select n0 ∈ N such that∥∥F(s) − f (s + tn)∥∥ ε, s ∈ [t, t + ω],∥∥f (μ + tn + ω) − f (μ + tn)∥∥ ε, μ 0,
for every n n0. Hence, for n n0, we have that∥∥F(t + ω) − F(t)∥∥ ∥∥F(t + ω) − f (t + ω + tn)∥∥+ ∥∥f (t + ω + tn) − f (t + tn)∥∥+ ∥∥f (t + tn) − F(t)∥∥
 3ε,
which implies that F(t + ω) = F(t). The proof is complete. 
Proposition 3.1. Let f : [0,∞) → X be a uniformly continuous, S-asymptotically ω-periodic and ω-normal on com-
pact sets function. If (tn)n∈N is a sequence with tn → ∞ as n → ∞, then there exists a subsequence (sj )j∈N of (tn)n∈N
and a function F ∈ Cω([0,∞),X) such that fsj → F as j → ∞ uniformly on compact sets.
Proof. We consider the decomposition tn = ξ(tn)+τ(tn)ω for n ∈ N. It follows from the assumptions and Lemma 3.1
that there exists a function G ∈ Cω([0,∞);X) and a subsequence (sj )j∈N of (tn)n∈N such that fτ(sj )ω → G as j → ∞
uniformly on compact sets. Moreover, we can assume that there exists λ ∈ [0,ω] such that ξ(sj ) → λ as j → ∞.
In order to prove that fsj → Gλ uniformly on compacts when j goes to infinity, we take a compact set K ⊆ R. For
each ε > 0, we can choose j0 ∈ N such that∥∥G(λ + s) − f (λ + s + τ(sj )ω)∥∥ ε, s ∈ K,∥∥f (λ + μ) − f (ξ(sj ) + μ)∥∥ ε, μ 0,
for every j  j0. Therefore, for t ∈ K and j  j0, we can write∥∥G(λ + t) − f (sj + t)∥∥= ∥∥G(λ + t) − f (ξ(sj ) + τ(sj )ω + t)∥∥

∥∥G(λ + t) − f (λ + τ(sj )ω + t)∥∥+ ∥∥f (λ + τ(sj )ω + t)− f (ξ(sj ) + τ(sj )ω + t)∥∥
 2ε,
which implies that fsj → F = Gλ as j → ∞ uniformly on K . This completes the proof since Gλ is ω-periodic. 
Proposition 3.2. Let f ∈ Cb([0,∞),X) be a uniformly continuous function. Assume that for every sequence of natural
numbers (mn)n∈N with mn → ∞ as n → ∞, there exists a subsequence (kj )j∈N of (mn)n∈N and a function F ∈
Cω([0,∞),X) such that fkjω → F as j → ∞ uniformly on compact sets. Then f is S-asymptotically ω-periodic.
Proof. Assume that the assertion is false. Then there exist ε > 0 and a sequence (tn)n∈N with tn → ∞ as n → ∞
such that ‖f (tn + ω) − f (tn)‖ ε for every n ∈ N. Defining mn = τ(tn), we deduce the existence of a subsequence
(sj )j∈N of (tn)n∈N, of a number λ ∈ [0,ω] and, of a function F ∈ Cω([0,∞),X) such that ξ(sj ) → λ and fkjω → F as
j → ∞ uniformly on compact sets, where we have denoted kj = τ(sj ). Collecting these properties with the uniform
continuity of f , we can select j0 ∈ N such that∥∥F(s) − f (s + kjω)∥∥ ε8 , s ∈ [λ,λ + ω],∥∥f (λ + kjω + μ) − f (ξ(sj ) + kjω + μ)∥∥ ε8 , μ 0,
for every j  j0. Hence, employing j > j0 we obtain that∥∥F(λ + ω) − F(λ)∥∥−∥∥F(λ + ω) − f (λ + kjω + ω)∥∥− ∥∥f (λ + kjω + ω) − f (ξ(sj ) + kjω + ω)∥∥
+ ∥∥f (ξ(sj ) + kjω + ω)− f (ξ(sj ) + kjω)∥∥− ∥∥f (ξ(sj ) + kjω)− f (λ + kjω)∥∥
− ∥∥f (λ + kjω) − F(λ)∥∥
 ε − ε
2
,
which is a contradiction since F is ω-periodic. This completes the proof. 
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ymptotically periodic functions. We initially exhibit a function that is S-asymptotically μ-periodic for every μ > 0
and is not asymptotically μ-periodic.
Example 3.1. Let X be the space c0 = {(xn)∈N: xn ∈ R and limn→∞ xn = 0} endowed with the norm ‖(xn)n∈N‖ =
supn∈N|xn| and, let f : [0,∞) → X be the function defined by f (t) = ( 2ntt2+n2 )n∈N.
The function f is bounded, uniformly continuous and S-asymptotically μ-periodic for every μ > 0. In fact, it is
immediate that ‖f (t)‖ 1 for every t  0. Moreover, for t, s ∈ [0,∞), we have that
∥∥f (t + s) − f (t)∥∥ sup
n1
2ns|n2 − t2 − st |
[(t + s)2 + n2](n2 + t2)  4s,
which shows that f is uniformly continuous. On the other hand, for μ > 0 and t  1, we get
∥∥f (t + μ) − f (t)∥∥ sup
n1
2n|μn2 − tμ2 − μt2|
[(t + μ)2 + n2](n2 + t2)
 sup
n1
2n3μ + 2ntμ2 + 2nμt2
n4 + t4
 3μ
t
+ 3μ
2
t2
which implies that f is S-asymptotically μ-periodic for every μ > 0.
However, f is not asymptotically μ-periodic. To show this assertion, assume that there exist g ∈ Cμ(R,X) and
a function ϕ ∈ C0([0,∞),X) such that f = g + ϕ. If f = (fn)n∈N, then each coordinate fn is asymptotically μ-
periodic and fn(t + kμ) = gn(t)+ ϕn(t + kμ), for every k,n ∈ N and t > 0. In view of that limk→∞ fn(t + kμ) = 0,
it follows that gn(t) = 0 for every n ∈ N and every t  0. Consequently, the function g = 0 and f = ϕ, which is absurd
since ‖f (n)‖ = 1 for every n ∈ N. This proves that f is not asymptotically μ-periodic.
In [6, Lemma 2.1] it is stated that every S-asymptotically ω-periodic scalar function is asymptotically ω-periodic.
This assertion is not true, as the following example shows.
Example 3.2. Let (bn)n∈N0 be a sequence of real numbers such that bn 	= 0 for every n ∈ N, bn → 0 as n → ∞, and
the sequence (an)n∈N = (∑ni=0 bi)n∈N is bounded and non-convergent. Let f : [0,∞) → R be the function defined by
f (n) = an for n ∈ N0 and
f (t) = an+1 + (an+1 − an)(t − n − 1), (3.1)
for n t  n + 1. Consequently, the graph of f consists of the segments of line with corners the points (n, an). It is
clear from this geometrical description that f is bounded and continuous. Furthermore, f is uniformly continuous. In
fact, we set c = maxn1|an − an−1|. Employing (3.1) for s ∈ [n,n + 1] and t ∈ [n,n + 2], we obtain that∣∣f (t) − f (s)∣∣ c|t − s|.
On the other hand, turning to apply (3.1), we see that∣∣f (t + 1) − f (t)∣∣ |an+2 − an+1| + |an+1 − an|,
for t ∈ [n,n + 1]. Therefore, limt→∞(f (t + 1) − f (t)) = 0 and f is an S-asymptotically 1-periodic function.
However, f is not asymptotically 1-periodic function. To establish this assertion, we assume that f = g + α,
where g is a function 1-periodic and α is a function that vanishes at infinite. In such case, f (n) = an = g(n)+α(n) =
g(0) + α(n) → g(0), as n → ∞, which contradicts our selection of the sequence (an)n.
In the sequel, we establish conditions under which an S-asymptotically ω-periodic function is asymptotically ω-
periodic.
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Assume that there exist a strictly increasing sequence of natural numbers (τn)n∈N and a sequence of positive num-
bers (γn)n∈N such that
∑
j0(τj+1 − τj )γj < ∞. If ‖f (t + ω) − f (t)‖  γn for every t ∈ [τnω, τn+1ω], then f is
asymptotically ω-periodic.
Proof. Applying Definition 3.2 and Lemma 3.1, we assert that there exist a subsequence (mj )j∈N, with mj = τnj ,
of (τn)n∈N and a function F ∈ Cω([0,∞),X) such that fmjω → F as j → ∞ uniformly on compact sets. We
affirm that F(t) − f (t) → 0 as t → ∞. To establish our claim, for each ε > 0, we choose nj0 ∈ N such that∑
jnj0
(τj+1 − τj )γj  ε and ‖F(s) − f (s + mjω)‖ ε for every s ∈ [0,ω] and j  j0 .
Let t mj0ω. Then there exist an index p ∈ N with p  j0 such that t ∈ [mpω,mp+1ω]. The interval [mp,mp+1]
can contain another points of the original sequence (τn)n∈N, which we describe in the form τnp < τnp+1 < · · · <
τnp+q = τnp+1 . Similarly, each interval [τnp+i , τnp+i+1], with i = 0, . . . , q−1, can contain natural numbers τnp+i +h,
with h = 0, . . . ,H(i), so that τnp+i +H(i) = τnp+i+1. We abbreviate the notation by writing k(i) = τnp+i . Moreover,
we select 0  s < q such that t ∈ [τnp+sω, τnp+s+1ω] and, we decompose t = ξ(t) + η(t)ω with ξ(t) ∈ [0,ω) and
η(t) is a natural number such that η(t) = τnp+s + h(t) where 0 h(t)H(s). With these notations, we get∥∥F(t) − f (t)∥∥= ∥∥F (ξ(t) + η(t)ω)− f (ξ(t) + η(t)ω)∥∥

∥∥F (ξ(t))− f (ξ(t) + mpω)∥∥+ ∥∥f (ξ(t) + mpω)− f (ξ(t) + η(t)ω)∥∥
 ε +
s−1∑
i=0
k(i)+H(i)−1∑
j=k(i)
∥∥f (ξ(t) + (j + 1)ω)− f (ξ(t) + jω)∥∥
+
k(s)+h(t)−1∑
j=k(s)
∥∥f (ξ(t) + (j + 1)ω)− f (ξ(t) + jω)∥∥
 ε +
s−1∑
i=0
k(i)+H(i)−1∑
j=k(i)
γnp+i +
k(s)+h(t)−1∑
j=k(s)
γnp+s
 ε +
s∑
i=0
γnp+iH(i)
= ε +
s∑
i=0
γnp+i (τnp+i+1 − τnp+i )
 ε +
∑
inp
γi(τi+1 − τi)
 2ε,
which shows that ‖F(t) − f (t)‖ 2ε for every t mj0ω. This completes the proof. 
Proposition 3.4. Let f : [0,∞) → X be an S-asymptotically ω-periodic and asymptotically almost periodic function.
Then f is asymptotically ω-periodic.
Proof. We can decompose f as f = g + ϕ where g is an almost periodic function and ϕ ∈ C0([0,∞),X). It follows
from the theory of almost periodic functions that there exists a sequence of real numbers (tn)n∈N such that tn → ∞
and gtn → g as n → ∞ uniformly on [0,∞). Therefore, ftn → g as n → ∞ uniformly on [0,∞) and, applying
Lemma 3.1, it follows that g ∈ Cω([0,∞);X) which, in turn implies that the function f is asymptotically ω-periodic.
The proof is complete. 
Corollary 3.1. Let f ∈ Cb([0,∞),X). Assume that there exists a sequence of natural numbers (nj )j∈N with n1 = 1
and nj → ∞ as j → ∞ such that α = supj∈N(nj+1 − nj ) < ∞ and
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(
f (t + njω) − f (t)
)= 0, (3.2)
uniformly for j ∈ N. Then f is asymptotically ω-periodic.
Proof. The assertion is an immediate consequence of Proposition 3.4, since the condition (3.2) implies that f is
S-asymptotically ω-periodic and asymptotically almost periodic. 
Theorem 3.1. Assume that X is a reflexive space. Let f ∈ Cb([0,∞),X) be a uniformly continuous function such that
for each x′ ∈ X′, limt→∞〈x′, f (t + nω) − f (t)〉 = 0 uniformly on n ∈ N. Then there exists g ∈ Cω([0,∞),X) and
ϕ ∈ Cb([0,∞),X) such that f = g + ϕ and limt→∞〈x′, ϕ(t)〉 = 0 for every x′ ∈ X′.
Proof. For each x′ ∈ X′, the function 〈x′, f 〉 verifies the conditions in Corollary 3.1. Therefore, there exits an ω-
periodic function gx′ ∈ C([0,∞),K) and a function ϕx′ ∈ C0([0,∞),K) such that 〈x′, f 〉 = gx′ + ϕx′ .
For each t  0, we define the function Λt :X′ → K by Λt(x′) = gx′(t). It follows from the uniqueness of the
decomposition of 〈x′, f 〉 as the sum of a periodic function and a function that vanishes at infinity that Λt is a linear
functional. Moreover, from the estimate
∣∣Λt(x′)∣∣= ∣∣gx′(t)∣∣= ∣∣gx′(t + kω)∣∣

∣∣〈x′, f (t + kω)〉∣∣+ ∣∣ϕx′(t + kω)∣∣
 ‖f ‖∞‖x′‖ +
∣∣ϕx′(t + kω)∣∣,
and taking the limit as k → ∞, it follows that ‖Λt‖  ‖f ‖∞ for every t  0. Consequently, Λt ∈ X′′ and, there
exists a function g : [0,∞) → X such that Λt(x′) = gx′(t) = 〈x′, g(t)〉 for every t  0 and x′ ∈ X′. We define ϕ(t) =
f (t) − g(t). It is immediate from this construction that g is ω-periodic and that w − limt→∞ ϕ(t) = 0.
To complete the proof, we prove that g is continuous. For ε > 0 given, there exists δ > 0 such that ‖f (t) −
f (s)‖ ε for every t, s ∈ [0,∞) with |t − s| δ. Hence, for t  0, 0 < |h| < δ with t + h 0, x′ ∈ X′ and k ∈ N,
we have that
∣∣〈x′, g(t + h) − g(t)〉∣∣= ∣∣gx′(t + h) − gx′(t)∣∣
= ∣∣gx′(t + h + kω) − gx′(t + kω)∣∣
= ∣∣〈x′, f (t + h + kω)〉− ϕx′(t + h + kω) − 〈x′, f (t + kω)〉+ ϕx′(t + kω)∣∣

∥∥f (t + h + kω) − f (t + kω)∥∥‖x′‖ + ∣∣ϕx′(t + h + kω) − ϕx′(t + kω)∣∣
 ε‖x′‖ + ∣∣ϕx′(t + h + kω) − ϕx′(t + kω)∣∣.
Taking limit when k → ∞, we infer that |〈x′, g(t + h) − g(t)〉|  ε‖x′‖, which implies that ‖g(t + h) − g(t)‖  ε
since x′ is arbitrary. This completes the proof. 
The following result is an immediate consequence of Theorem 3.1 and Corollary 3.1.
Example 3.3. Assume that X is a Hilbert space and that {ek: k ∈ N} is an orthonormal basis of X. If f ∈ Cb([0,∞),X)
is a uniformly continuous function such that for each k ∈ N, limt→∞〈ek, f (t + nω) − f (t)〉 = 0 uniformly on n ∈ N,
then there exist g ∈ Cω([0,∞),X) and ϕ ∈ Cb([0,∞),X) such that f = g + ϕ and limt→∞〈ek,ϕ(t)〉 = 0 for every
k ∈ N.
We can also avoid the condition about the reflexivity of X.
Theorem 3.2. Let f ∈ Cb([0,∞),X) be a function ω-normal on compact sets such that for each x′ ∈ X′,
limt→∞〈x′, f (t + nω) − f (t)〉 = 0 uniformly on n ∈ N, then f is asymptotically ω-periodic.
Proof. There exist a sequence (nj )j∈N in N and F ∈ Cb([0,∞),X) such that fnjω → F as j → ∞ uniformly on
compact sets. For each x′ ∈ X′, the function 〈x′, f 〉 is asymptotically ω-periodic and 〈x′, fnjω〉 → 〈x′,F 〉 as j → ∞
uniformly on compact sets. It follows from Lemma 3.1 that F ∈ Cω([0,∞),X). Moreover, proceeding as in the
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〈x′, f (t)〉 = gx′(t)+ϕx′(t) for all t  0. Therefore, 〈x′, f (t +njω)〉 = gx′(t +njω)+ϕx′(t +njω) which implies that
〈x′,F (t)〉 = gx′(t) for every t  0. This shows that F is independent of the sequence (nj )j∈N and, as consequence,
that fnω → F uniformly on compact sets.
Let ε > 0 and n0 ∈ N such that ‖f (s + jω) − F(s)‖  ε, for every s ∈ [0,ω] and all j  n0. If t  n0ω, then
τ(t) n0 and∥∥F(t) − f (t)∥∥ ∥∥F (ξ(t) + τ(t)ω)− f (ξ(t) + τ(t)ω)∥∥

∥∥F (ξ(t))− f (ξ(t) + τ(t)ω)∥∥ ε,
which establishes that F(s)−f (s) → 0 as s → ∞ and that f is asymptotically ω-periodic. The proof is complete. 
We conclude this section with the following properties of SAPω(X).
Proposition 3.5. SAPω(X) is a Banach space.
Proof. Let (fn)n be a sequence in SAPω(X) that converges to f when n → ∞. The decomposition
f (t + ω) − f (t) = f (t + ω) − fn(t + ω) + fn(t + ω) − fn(t) + fn(t) − f (t)
shows that limt→∞(f (t + ω) − f (t)) = 0. 
Corollary 3.2. Let f : [0,∞) → X be an S-asymptotically ω-periodic function and assume that f ′ is bounded and
uniformly continuous. Then f ′ is S-asymptotically ω-periodic.
Proof. It is well known that our hypotheses imply that the functions h−1(fh − f ) converge to f ′ as h → 0 uniformly
on [0,∞). The assertion is now consequence of Proposition 3.5. 
4. Existence of S-asymptotically ω-periodic solutions of a first-order abstract Cauchy problem
In this section, we study the existence of S-asymptotically ω-periodic mild solutions for the first-order abstract
Cauchy problem
u′(t) = Au(t) + G(t, u(t)), t  0, (4.1)
u(0) = x0 ∈ X, (4.2)
where A :D(A) ⊆ X → X is the infinitesimal generator of a strongly continuous semigroup of bounded linear opera-
tors (T (t))t0 on X and G : [0,∞) × X → X is a continuous function.
The study of the existence of almost periodic, asymptotically almost periodic, pseudo almost periodic, almost
automorphic and asymptotically almost automorphic solutions is one of the most attracting topics in the qualitative
theory of differential equations due both to its mathematical interest as to their applications in physics, mathematical
biology, control theory, among others.
Some recent contributions on the existence of these type of solutions for abstract differential equations and ab-
stract functional differential equations have been made. Related with this subject, we refer the reader to the extensive
bibliography in [5,8–10]. Existence results concerning S-asymptotically ω-periodic solutions for ordinary differential
equations described on finite dimensional spaces are established in [2,4,15,16]. To the best of our knowledge, the study
of the existence of S-asymptotically ω-periodic solutions of first-order abstract differential equations is an untreated
topic in the literature and this fact is the main motivation of this section.
We begin this section by studying the homogeneous abstract Cauchy problem, i.e. we initially consider G ≡ 0. In
this case, the question about the existence of S-asymptotically ω-periodic mild solutions of problem (4.1)–(4.2) is
reduced to study the S-asymptotically ω-periodic semigroups.
Definition 4.1. A strongly continuous function F : [0,∞) → B(X) is said to be strongly S-asymptotically periodic
if for each x ∈ X, there is ωx > 0 such that F(·)x is S-asymptotically ωx -periodic. The function F is said strongly
S-asymptotically ω-periodic if there is ω > 0 such that F(·)x is S-asymptotically ω-periodic for all x ∈ X.
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x ∈ X and, uniformly stable if ‖T (t)‖ → 0 as t → ∞. For additional literature on semigroups of linear operators, we
refer the reader to [12].
Theorem 4.1. Assume that (T (t))t0 is a strongly S-asymptotically periodic semigroup such that {T (t)x: 0 t < ∞}
is relatively compact, for all x ∈ X. Then there exist ω > 0 and a decomposition of X = X0 ⊕X1, where Xi , i = 0,1,
is a closed subspace of X invariant under T (t), the semigroup T0(t) = T (t)|X0 is ω-periodic and the semigroup
T1(t) = T (t)|X1 is strongly stable.
Proof. Since (T (t))t0 is uniformly bounded and the sets {T (t)x: 0 t < ∞}, x ∈ X, are relatively compact, it fol-
lows from [14, Theorem 3.1.2] that (T (t))t0 is asymptotically almost periodic semigroup. In addition, from [13,14]
there exists a decomposition of X = X0 ⊕ X1, where Xi , i = 0,1, is a closed subspace of X invariant under T (t),
the semigroup T0(t) = T (t)|X0 is almost periodic and the semigroup T1(t) = T (t)|X1 is strongly stable. Moreover, the
function T (·)x is S-asymptotically ωx -periodic for some ωx > 0 and every x ∈ X. We deduce from Proposition 3.4
that there exist an ωx -periodic function fx and a function qx that vanishes at infinite such that T (t)x = fx(t)+ qx(t),
for all t  0. In particular, for x ∈ X0 we have that the function T0(·)x − fx is almost periodic and vanishes at infinite.
Consequently, T0(·)x = fx is ωx -periodic. Thus, T0 is a strongly periodic semigroup. Applying now [1, Theorem 2.1],
we can affirm that there is ω > 0 such that T0(t)x is ω-periodic, for all x ∈ X0. 
We establish now our first result on existence of S-asymptotically ω-periodic mild solutions for the non-
homogeneous problem (4.1)–(4.2). As it is usual in the frame of the abstract Cauchy problem, we consider the
following concept of mild solution.
Definition 4.2. A function u ∈ Cb([0,∞),X) is said an S-asymptotically ω-periodic mild solution of problem (4.1)–
(4.2) if u(·) is S-asymptotically ω-periodic and
u(t) = T (t)x0 +
t∫
0
T (t − s)G(s, u(s))ds, t  0.
Theorem 4.2. Assume that (T (t))t0 is a strongly S-asymptotically ω-periodic semigroup. Let G : [0,∞) × X → X
be a continuous function such that G(·,0) is integrable on [0,∞) and there exists a continuous integrable function
L : [0,∞) → R such that∥∥G(t, x) − G(t, y)∥∥L(t)‖x − y‖,
for every t  0 and every x, y ∈ X. Then there exists a unique S-asymptotically ω-periodic mild solution of the
problem (4.1)–(4.2).
Proof. We define the operator Γ on the space SAPω(X) by
Γ u(t) = T (t)x0 +
t∫
0
T (t − s)G(s, u(s))ds = T (t)x0 + v(t). (4.3)
We will show initially that Γ u ∈ SAPω(X). In fact, since the function T (t)x0 ∈ SAPω(X), it remains only to prove
that the function v(·) ∈ SAPω(X). In view of that the semigroup (T (t))t0 is uniformly bounded on [0,∞), there
exists a constant M  1 such that ‖T (t)‖M , for all t  0. Moreover, it follows from the inequality ‖G(s,u(s))‖
L(s)‖u(s)‖ + ‖G(s,0)‖, that the function s → G(s,u(s)) is integrable on [0,∞). Hence, we obtain that
t∫
a
T (t − s)G(s, u(s))ds → 0, a → ∞,
uniformly for t  a. In addition, for fixed a, the set {G(s,u(s)): 0 s  a} is compact, which implies that
T (t + ω)G(s, u(s))− T (t)G(s, u(s))→ 0, t → ∞,
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v(t + ω) − v(t) =
a∫
0
[
T (t + ω − s) − T (t − s)]G(s, u(s))ds
+
t+ω∫
a
T (t + ω − s)G(s, u(s))ds −
t∫
a
T (t − s)G(s, u(s))ds,
it follows that v(t + ω) − v(t) → 0 as t → ∞.
Furthermore, for u1, u2 ∈ SAPω(X) the inequality
∥∥Γ u1(t) − Γ u2(t)∥∥M
t∫
0
L(s)
∥∥u1(s) − u2(s)∥∥ds
shows that Γ : SAPω(X) → SAPω(X) is a continuous map.
On the other hand, we define the linear map B :Cb([0,∞)) → Cb([0,∞)) by
(Bα)(t) = M
t∫
0
L(s)α(s) ds (4.4)
for t  0. It is clear that B is continuous. Moreover, B is completely continuous. To establish this assertion, for each
ε > 0, we take a  0 such that M
∫∞
a
L(s) ds  ε and, for each α ∈ Cb([0,∞),R) with ‖α‖∞  1, we define the
functions
w1(α)(t) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
M
t∫
0
L(s)α(s) ds, 0 t  a,
M
a∫
0
L(s)α(s) ds, t  a,
and
w2(α)(t) =
⎧⎪⎪⎨
⎪⎪⎩
0, 0 t  a,
M
t∫
a
L(s)α(s) ds, t  a.
It follows from the Ascoli–Arzela Theorem that the set Kε = {w1(α): ‖α‖∞  1} is relatively compact. Since Bα(t) =
w1(α)(t) + w2(α)(t) for all t  0, we can affirm that{
B(α): ‖α‖∞  1
}⊆ Kε + {β: β ∈ Cb([0,∞),R), ‖β‖∞  ε},
which shows that the set {B(α): ‖α‖∞  1} is relatively compact and, in turn, that B is completely continuous.
Moreover, since the point spectrum σp(B) = {0}, the spectral radius of B is equal to zero.
Let m :Cb([0,∞),X) → Cb([0,∞),R) be the map defined by m(u)(t) = sup0st‖u(s)‖. It is not difficult to
verify that the maps Γ , B and m satisfy all the conditions of [7, Theorem 1] which implies that Γ has a unique fixed
point u. This completes the proof. 
To establish our next result, we begin by introducing some definitions.
Definition 4.3. A continuous function G : [0,∞)×X → X is said uniformly S-asymptotically ω-periodic on bounded
sets if for every bounded subset K of X, the set {G(t, x): t  0, x ∈ K} is bounded and limt→∞(G(t, x) − G(t +
ω,x)) = 0 uniformly on x ∈ K .
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sets if for every ε > 0 and every bounded set K ⊆ X, there exist Lε,K  0 and δε,K > 0 such that ‖G(t, x) −
G(t, y)‖ ε, for all t  Lε,K and all x, y ∈ K with ‖x − y‖ δε,K .
Lemma 4.1. Let G : [0,∞)×X → X be a uniformly S-asymptotically ω-periodic on bounded sets and asymptotically
uniformly continuous on bounded sets function and, let u : [0,∞) → X be an S-asymptotically ω-periodic function.
Then the function v(t) = G(t,u(t)) is S-asymptotically ω-periodic.
Proof. Since the range R(u) of u(·) is a bounded set, it follows that v is a bounded function. Moreover, for ε > 0
there exist δ > 0 and L1ε > 0 such that
max
{∥∥G(t + ω,z) − G(t, z)∥∥,∥∥G(t, x) − G(t, y)∥∥} ε,
for every t  L1ε , z ∈R(u) and every x, y ∈R(u) with ‖x − y‖ < δ. In addition, since u(·) is S-asymptotically ω-
periodic, there exists L2ε > 0 such that ‖u(t + ω) − u(t)‖ δ for every t  L2ε . Thus, for t max{L1ε,L2ε}, we have
that ∥∥v(t + ω) − v(t)∥∥ ∥∥G(t + ω,u(t + ω))− G(t, u(t + ω))∥∥+ ∥∥G(t, u(t + ω))− G(t, u(t))∥∥
 2ε,
which completes the proof. 
In the rest of this section, M  1 and γ > 0 are constants such that ‖T (t)‖Me−γ t for every t  0. To establish
our next results on the existence of S-asymptotically ω-periodic mild solutions of problem (4.1)–(4.2), we introduce
the following assumption.
(HG) The function G : [0,∞) × X → X is continuous and there exists L > 0 such that∥∥G(t, x) − G(t, y)∥∥ L‖x − y‖, x, y ∈ X, t  0.
Theorem 4.3. Let condition (HG) be satisfied and assume that G is uniformly S-asymptotically ω-periodic on bounded
sets. If ML < γ , then there exists a unique S-asymptotically ω-periodic mild solution of problem (4.1)–(4.2).
Proof. Proceeding as in the proof of Theorem 4.2, we define the map Γ on the space SAPω(X) by the expression (4.3).
We next prove that Γ is a contraction from SAPω(X) into SAPω(X).
We will show initially that Γ is SAPω(X)-valued. Let u ∈ SAPω(X). Since T (t)x0 → 0 as t → ∞, then the function
T (·)x0 ∈ SAPω(X) and the problem is reduced to show that the function v given by (4.3) belongs to SAPω(X). Using
the fact that G(·, u(·)) is a bounded function, it follows that v ∈ Cb([0,∞),X). On the other hand, in view of that G is
asymptotically uniformly continuous on bounded sets and applying Lemma 4.1, for each ε > 0, there is a constant Lε
such that ‖G(t +ω,u(t +ω))−G(t,u(t))‖ ε, for every t  Lε. Under these conditions, for t  Lε , we can estimate
∥∥v(t + ω) − v(t)∥∥
ω∫
0
∥∥T (t + ω − s)G(s, u(s))∥∥ds +
Lε∫
0
∥∥T (t − s)[G(s + ω,u(s + ω))− G(s, u(s))]∥∥ds
+
t∫
Lε
∥∥T (t − s)[G(s + ω,u(s + ω))− G(s, u(s))]∥∥ds
 M‖G(·, u(·))‖∞
γ
e−γ t + 2M‖G(·, u(·))‖∞
γ
e−γ (t−Lε) + εM
γ
, (4.5)
which permit to infer that v(t +ω)− v(t) → 0 as t → ∞. This completes the proof that Γ u ∈ SAPω(X). On the other
hand, for u1, u2 ∈ SAPω(X) we have that
∥∥Γ u2(t) − Γ u1(t)∥∥ ML
γ
sup
∥∥u2(s) − u1(s)∥∥,0st
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proof is complete. 
To finish this section, we establish a result on existence of asymptotically ω-periodic solutions for the abstract
system (4.1)–(4.2).
Proposition 4.1. Let condition (HG) be holds. Assume that G(·,0) is a bounded function and limt→∞(G(t, x) −
G(t + nω,x)) = 0 uniformly for x ∈ K and n ∈ N, for every bounded subset K of X. If ML < γ , then there exists a
unique asymptotically ω-periodic mild solution of problem (4.1)–(4.2).
Proof. We modify slightly the argument in the proof of Theorem 4.3. Let S(X) be the space consisting of functions
u ∈ Cb([0,∞),X) such that limt→∞(u(t +nω)−u(t)) = 0 uniformly for n ∈ N. It is easy to see that S(X) is a closed
subspace of Cb([0,∞),X).
Let u ∈ S(X). Proceeding as in the proof of Lemma 4.1, it follows from our assumptions that
lim
t→∞
(
G
(
t + nω,u(t + nω))− G(t, u(t)))= 0
uniformly for n ∈ N.
We keep the notations introduced in the proof of Theorem 4.3. We consider the map Γ defined on S(X). Using the
preceding property, we obtain that the estimate (4.5) holds with nω instead of ω. This implies that v ∈ S(X) and Γ is
S(X)-valued. Therefore, the fixed point of Γ belongs to S(X) and the assertion is consequence of Corollary 3.1. The
proof is complete. 
4.1. An application to partial differential equations
To complete this work, we discuss briefly the existence of S-asymptotically ω-periodic mild solutions for the
system
∂
∂t
u(t, ξ) = ∂
2
∂ξ2
u(t, ξ) + a(t)f (u(t, ξ)), t  0, ξ ∈ [0,π], (4.6)
u(t,0) = u(t,π) = 0, t  0, (4.7)
u(0, ξ) = z(ξ), ξ ∈ [0,π], (4.8)
where z : [0,π] → R, a : [0,∞) → R and f :R → R are appropriate functions.
To study this system in the abstract form (4.1)–(4.2), we choice the space X = L2([0,π]) and the operator
A :D(A) ⊆ X → X given by Ax = x′′ with domain
D(A) = {x ∈ X: x′′ ∈ X, x(0) = x(π) = 0}.
It is well known that A is the infinitesimal generator of an analytic semigroup (T (t))t0 on X. Furthermore, A has
discrete spectrum with eigenvalues −n2, n ∈ N, and corresponding normalized eigenfunctions given by zn(ξ) =
( 2
π
)1/2 sin(nξ). In addition, {zn: n ∈ N} is an orthonormal basis of X and, for x ∈ X, T (t)x =∑∞n=1 e−n2t 〈x, zn〉zn.
It follows from this representation that ‖T (t)‖ e−t for every t  0.
Proposition 4.2. Assume that a(·) is an S-asymptotically ω-periodic function and that there exists Lf > 0 such that∣∣f (x) − f (y)∣∣ Lf |x − y|, x, y ∈ R.
If ‖a‖∞Lf < 1, then there exists a unique S-asymptotically ω-periodic mild solution u(·) of problem (4.6)–(4.8). If,
in addition, limt→∞(a(t + nω) − a(t)) = 0 uniformly for n ∈ N, then u(·) is asymptotically ω-periodic.
Proof. The existence of u(·) follows from Theorem 4.3. The another assertion is consequence of Proposition 4.1. 
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